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The uncertainty principle, originally proposed by Heisenberg^[@CR1]^, is a fascinating aspect of quantum mechanics. It sets a bound to the precision for simultaneous measurements regarding a pair of incompatible observables, *e*.*g*. position ($\documentclass[12pt]{minimal}
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                \begin{document}$$[\hat{{\mathscr{P}}},\hat{{\mathscr{Q}}}]=\hat{{\mathscr{P}}}\hat{{\mathscr{Q}}}-\hat{{\mathscr{Q}}}\hat{{\mathscr{P}}}$$\end{document}$ denotes the commutator. Importantly, the standard deviation in Robertson's relation is not always an optimal measurement for the uncertainty as the right-hand side of the relation depends on the state *ρ* of the system, which will lead to a trivial bound if the operators $\documentclass[12pt]{minimal}
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                \begin{document}$${S}^{\rho }(\hat{{\mathscr{P}}})+{S}^{\rho }(\hat{{\mathscr{Q}}})\ge 2\,{\mathrm{log}}_{2}(\frac{2}{1+\sqrt{c}})$$\end{document}$$for any pair of non-degenerate observables $\documentclass[12pt]{minimal}
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                \begin{document}$$\hat{{\mathscr{Q}}}$$\end{document}$. Obviously, yet remarkably, that the lower bound is now independent on the state of the given system. Later, Kraus^[@CR5]^, as well as Maassen and Uffink^[@CR6]^ made a significant improvement by refining Deutsch's result to$$\documentclass[12pt]{minimal}
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                \begin{document}$${B}_{CP}\ge -{\mathrm{log}}_{2}c$$\end{document}$ holds, which implies Eq. ([4](#Equ4){ref-type=""}) offers a tighter bound when compared with the former iterations.

In fact, the importance of the uncertainty principle is that it reflects the ability of stored quantum information within quantum memory to reduce or eliminate the uncertainty associated with a measurement on a second particle entangled to the quantum memory^[@CR8],\ [@CR9]^. Moreover, EUR has been established as a powerful tool for various applications, including: security analysis for quantum communication^[@CR7]^, entanglement witness^[@CR10]--[@CR12]^, probing quantum correlation^[@CR13],\ [@CR14]^, quantum speed limit^[@CR15],\ [@CR16]^, and steering Bell's inequality^[@CR17]^. Additionally, there have been several expressions for the optimal outcome of EUR associated with two-component or multiple measurements^[@CR18]--[@CR20]^. Notably, due to interacting with a noisy environment, the quantum system will suffer from decoherence, thereby inflating the entropic uncertainty to some extent. Therefore, it is of fundamentally importance to clarify how environmentally-induced decoherence affects the uncertainty of measurements. Till now, there have been some observations with respect to the entropic uncertainty under the influence of various types of dissipative environments^[@CR11],\ [@CR21]--[@CR26]^. Recently, Karpat *et al*.^[@CR27]^ proposed an interesting argument that the memory effects can straightforward manipulate EUR's lower bound in a practical scenario.

It is well known that, any environment can be classified as either Markovian (information stored in the qubit system flows one-way from the system to the environment) or non-Markvian (information stored in the qubit system is capable of bidirectional flow between the system and the environment). Here, we aim to understand how a structured environment affects the EUR as it undergoes a crossover between non-Markovian and Markovian regimes. The model herein considered is a two-level atomic system coupled to a composite environment, which consists of a single cavity mode and a structured reservoir. The model is simple yet sophisticated enough for our purpose. It should be noted that non-Markovian dynamics for the qubit-cavity model has been studied theoretically^[@CR28]^ and demonstrated experimentally^[@CR29]^ beyond the non-Markovian regime. For a reservoir with an Ornstein-Uhlenbeck type of correlation function, the reservoir correlation time may be described with a single parameter, conveying the reservoir's decay time. Composite environments include several time scales denoting the information exchange between the two subsystems, as well as between the system and the environment. However, the single parameter method is not generalizable to composite environments. Therefore, we investigate a several-parameter regime for the cavity-reservoir coupling strength and show how these parameters affect the EUR. Remarkably, we found that the dissipation of the external environment caused quantitative fluctuations in the value of the entropic uncertainty. In particular, we also provide a simple and efficient way to decrease the uncertainty by leveraging the degradation of the initial state of the subsystem induced by this hierarchical environment via quantum weak measurement reversals.

Results {#Sec2}
=======

Systemic dynamics {#Sec3}
-----------------

Herein we consider a model system consisting of an atom (a qubit), a single-mode cavity and treat the environment as a structured bosonic reservoir. As illustrated in Fig. [1](#Fig1){ref-type="fig"}, information can flow between the atom, the cavity and the reservoir. Explicitly, during a Markovian evolution the information will outflow from the qubit to environment which consists of the cavity and reservoir. On the contrary, if the system exists within a non-Markovian regime, information will not only outflow but also backflow from the qubit to the hierarchical environment. The system can be described by the Hamiltonian$$\documentclass[12pt]{minimal}
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EUR under a reservoir with memory {#Sec4}
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Assume the initial state of the atom to be an arbitrary pure state represented by $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathscr{N}}=\mathop{max}\limits_{{\rho }_{1}(0),{\rho }_{2}(0)}{\int }_{\sigma  > 0}dt\text{}\sigma (t,{\rho }_{1}(0),{\rho }_{2}(0)),$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma (t,{\rho }_{1}\mathrm{(0)},{\rho }_{2}\mathrm{(0))}=\frac{d}{dt}D({\rho }_{1}(t),{\rho }_{2}(t))$$\end{document}$ is the rate of change of the trace distance as expressed by Eq. ([10](#Equ10){ref-type=""}).
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Here we employ a pair of Pauli observables --- $\documentclass[12pt]{minimal}
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To illustrate this fact, in Fig. [2](#Fig2){ref-type="fig"} we vary the amount of uncertainty and the trace distance with respect to the time (*t*) for the initial state --- which was constructed with $\documentclass[12pt]{minimal}
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                \begin{document}$${\rm{\Omega }}={\rm{\Theta }}=\pi \times {10}^{6}$$\end{document}$ Hz. As shown in Fig. [2](#Fig2){ref-type="fig"}, the TD decreases initially and then oscillate periodically, but eventually tends to zero at the limit of long-time. This can be interpreted as an indicator of the system becoming non-Markovian; in this case, the information stored in the atom can not only outflow but also backflow. This is to say, the information will not only be lost to the environment, but also may be recovered to some extent. This is indicative of the capacity of the information to bi-directionally flow between the atom and the reservoir via the cavity. Eventually the entire system becomes dynamically balanced, which drives the qubit subsystem to an asymptotic steady state. Notably, in the non-Markovian regime, the peak values of the TD gradually become smaller with increasing time. This reduction of the peak value for the TD implies that the backflow information is always less than the information outflow due to dissipation. To clarify how the system evolves with fixed *θ*, in Fig. [3](#Fig3){ref-type="fig"} we plot $\documentclass[12pt]{minimal}
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Let us now shift topics to the problem of how the noise may affect the uncertainty. Intuitively, the uncertainty should become larger when the atomic subsystem moves to a mixed state from a pure one. We plot the evolution of the measurement uncertainty with respect to time in Fig. [2(a,b)](#Fig2){ref-type="fig"} with $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma ={\rm{\Omega }}$$\end{document}$, respectively. One can infer that: (1) In the short-time regime, the TD of the atom decreases monotonously, while the uncertainty initially increases and then decreases. Intuitively, the system will degrade when the TD decreases, and thus the uncertainty ought to constantly increase all the time, yet this disagrees with the results displayed within Fig. [2(a,b)](#Fig2){ref-type="fig"}. (2) The uncertainty initially increases and then shows a quasi-periodic oscillation which shrinks to the lower bound (*B* ~*CP*~) of the optimal uncertainty relation, and the minimal value of the uncertainty is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${B}_{CP}\equiv 1$$\end{document}$ as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c=\tilde{c}=\frac{1}{2}$$\end{document}$ for our choice of incompatible measurements ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{\sigma }}_{x}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{\sigma }}_{z}$$\end{document}$). That is to say, the uncertainty relation for the two-component measurement --- when coupled with a structured reservoir in presence of quantum memory --- never violates any previously suggested form of the uncertainty relation. This result certifies that the EUR --- as it was previously proposed --- is applicable to both the presence and absence of noises. (3) After the first minimal TD, the frequency of the uncertainty oscillation is the same as that of the TD. This shows that the fluctuation of the uncertainty is not synchronized with the change of the atom-system TD in short-time limit, yet is synchronized with the TD after the first minimal distinguishability. (4) The smaller $\documentclass[12pt]{minimal}
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To better understand the dynamics of the entropic uncertainty in the current model, we introduce the purity of a state, expressed as$$\documentclass[12pt]{minimal}
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We plot the purity and the uncertainty as a function of time in Fig. [4](#Fig4){ref-type="fig"} with $\documentclass[12pt]{minimal}
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EUR under a memoryless reservoir {#Sec5}
--------------------------------

We shall next consider the other limiting condition: that the reservoir is memoryless, *i*.*e*. $\documentclass[12pt]{minimal}
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We also explore the relation between the initial state and the entropic sum in Fig. [7](#Fig7){ref-type="fig"}, where one finds that the value of *S* ~*x*,*z*~ is symmetric about $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta =\pi \mathrm{/2}$$\end{document}$. This implies the excited state of the atom is more sensitively to the uncertainty of the measurement in the current model comparing with that of the ground state.Figure 7The variation of entropic sum, *S* ~*x*,*z*~, with respect to the polar angular (*θ*) and phase ($\documentclass[12pt]{minimal}
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Reducing the uncertainty via weak measurement {#Sec6}
---------------------------------------------

A novel idea has recently been proposed to protect a state from decoherence by using quantum partially collapsing measurements, *i*.*e*. weak measurement reversals (WMR)^[@CR37]--[@CR39]^. The WMR procedure is described as$$\documentclass[12pt]{minimal}
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                \begin{document}$$|e\rangle \to |g\rangle $$\end{document}$; WMR can be implemented by an ideal detector to monitor the environment. This is also referred to as null-result WMR because the detector does not report any signal. In a WMR, complete collapse to an eigenstate does not occur, and thus the qubits continue in their evolution. Decoherence can be largely suppressed within the systems by uncollapsing the quantum state, returning it to the excited state.

It is well known that the amount of the uncertainty is crucial for quantum precision measurements, and one always expects a smaller measurement uncertainty when obtaining exact measurements. Motivated by this, we explore a methodology to reduce the uncertainty by the using appropriate WMR. For clarity, we plot the relationship between the measurement parameter *m* and the entropic sum in Fig. [8](#Fig8){ref-type="fig"}, with $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi =\pi \mathrm{/6}$$\end{document}$. From Fig. [8](#Fig8){ref-type="fig"}, one can readily infer that the uncertainty decreases with the increase of the measurement strength *m*. Therefore, the WMR is capable of suppressing the decay of the atomic state, and thus largely reducing the entropic uncertainty during the crossover from Markovianity to non-Markovianity. Furthermore, we investigate the relation between the entropic uncertainty and the coupling strengths $\documentclass[12pt]{minimal}
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Conclusion {#Sec7}
==========

Herein, we investigate how a bosonic environment influences the uncertainty of measuring two incompatible measurements on an atom-cavity coupled system during the crossover between Markovianity and non-Markovianity. Notably, in the presence of memory effects the evolution of the atom system is determined by the strength of the cavity and the structured reservoir. The uncertainty is characterized by fluctuations which are not synchronized with the change of the systemic state, tending to the lower bound in the long-time limit. In the absence of memory effects, we numerically verified that the amount of EUR is correlated with the coupling strengths of the atom-cavity and the cavity-reservoir. We find that the coupling strengths of the atom-cavity and the cavity-reservoir greatly influences the uncertainty and its dynamic behavior. The relatively strong coupling strength between the cavity and the structured reservoir can provide a natural reduction of the overall uncertainty. Additionally, we conclude that the stronger atom-cavity coupling strength results in information backflow to the atom manifesting itself as an oscillation in the uncertainty. Explicitly, the uncertainty oscillates to the lower bound of EUR when $\documentclass[12pt]{minimal}
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                \begin{document}$${\rm{\Omega }} < {{\rm{\Omega }}}_{cr}$$\end{document}$. We have also verified that the uncertainty for the measurement is anti-correlated with the purity of the evolutive qubit state, whether the system is Markovian or non-Markovian. Notably, we propose an efficient method to reduce the uncertainty for a pair of observables with such system via post-selection weak measurement reversal. Therefore, our investigation may shed light on the generation of precision measurements for a system coupled with a multi-degree-of-freedom environment possessing either Markovian or non-Markovian character.

Methods {#Sec8}
=======

Here, we deal with the reduced dynamics of the atomic subsystem. Assuming that both the cavity and environmental reservoir are initially in their vacuum states. The model can be solved analytically and thus can fully capture the features of the atomic subsystem. In the one-excitation subspace, the total state can generally be written as^[@CR40]^ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\rho ={{\rm{Tr}}}_{C,R}[|{\rm{\Psi }}(t)\rangle \langle {\rm{\Psi }}(t)|]$$\end{document}$. In this way, one can derive the desired reduced matrix of the atomic state, as is in Eq. ([8](#Equ8){ref-type=""}).
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